Abstract. We calculate the twisted Reidemeister torsion of the complement of an iterated torus knot associated with a representation of its fundamental group to the complex special linear group of degree two. We also show that the twisted Reidemeister torsions associated with various representations appear in the asymptotic expansion of the colored Jones polynomial.
Introduction
Let J N pK;be the colored Jones polynomial of a knot K in the three-sphere S 3 associated with the N -dimensional irreducible representation of the Lie algebra slp2; Cq [15, 19] . We normalize J N pK;so that it is 1 when K is the unknot. We also let ∆pK; tq be the Alexander polynomial K that is normalized so that ∆pK; 1q " 1 and ∆pK; t´1q " ∆pK; tq [1] .
The following conjecture would give a topological interpretation of the colored Jones polynomial. Conjecture 1.1 (Volume Conjecture [16, 17, 28] where Vol means the simplicial volume (or the Gromov norm [9] ). Note that it coincides with the sum of hyperbolic volumes of the hyperbolic pieces in the JacdShalen-Johannson decomposition ( [13, 14] ) of the knot complement up to constant multiplication.
We can complexify the conjecture as follows. [29] .
Conjecture 1.2 (Complexification of the volume conjecture
Here a knot K is called hyperbolic if its complement S 3 zK has a complete hyperbolic structure with finite volume. Note that this structure is induced from the holonomy representation.
We can generalize the complexified volume conjecture as follows ( [10, 11, 3] gpN q means that f pN q "`1`op1q˘gpN q for N Ñ 8, and N pkq is the regular neighborhood of K in S 3 and Int denotes the interior.
This conjecture is proved for the figure-eight knot by J. Andersen and S. Hansen [2] (see also [26, Theorem 1.3] ), and for the 5 2 knot by T. Ohtsuki [31] . See also [32] for related topics.
In [11] the following conjecture was proposed for a further generalization: This conjecture is proved in [24] for the case where K is the figure-eight knot and u is real. See also [30, 10, 5, 4, 37] .
A knot is called simple if every incompressible torus in its complement is boundary parallel. Any hyperbolic knot is known to be simple. If a knot is simple and non-hyperbolic, then it is a torus knot. For coprime positive integers c and d, let T pc, dq be the torus knot of type pc, dq. Related to Conjecture 1.3, R. Kashaev and O. Tirkkonen proved the following asymptotic expansion [18] . t z " 0 with ∆pK; tq the normalized Alexander polynomial of a knot K.
In [7] J. Dubois and Kashaev proved that Sp2π ?´1 ; kq is the Chern-Simons invariant and τ´2 k is the homological twisted Reidemeister torsion both of which are associated with a representation ρ k : π 1 pS 3 zT pc, dqq Ñ SLp2; Cq parametrized by an integer k (0 ă k ă cd) (see Theorem 1.6).
As for Conjecture 1.4, K. Hikami and the author proved the following theorem in [12] .
Theorem 1.6 ([12]). Let ξ be a complex number with non-zero real part and nonnegative imaginary part. Then we have the following equality as N Ñ 8:
J N`T pc, dq; exppξ{N q" 1 ∆`T pc, dq; exp ξ˘`?´π 2 sinhpξ{2q See [12, 25] for more details. For non-negative integers a and b, let T p2, 2a`1q p2,2b`1q be the p2, 2b`1q-cable of the torus knot of type p2, 2a`1q (see Figure 1) . Figure 1 . p2, 2b`1q-cable of the torus knot of type p2, 2a`1q Remark 1.7. Note that in Figure 1 there are 2b`1´2p2a`1q half-twists. This is because since the torus knot T p2, 2a`1q has 2a`1 crossings, the torus along T p2, 2a`1q is given 2p2a`1q half-twists.
We assume that 2b`1 ą 4p2a`1q. In the paper [27], the author gave the following equality as N Ñ 8:
p2,2b`1q ; exppξ{N q"
where
2b`1¯,
See [27] for the ranges of the summations. If we use another normalizationJ N pK;:" J N pK; qqpq 1{2´q´1{2 q, then we the formula above becomes
where τ 0 pξq :" 2 sinhpξ{2q ∆pT p2, 2a`1q 2b`1 ; exp ξq .
We studied the SLp2; Cq Chern-Simons invariants of various representations of π 1 pT p2, 2a`1q p2,2b`1and concluded that S 1 pξ; jq, S 2 pξ; kq and S 3 pξ; l, mq determine these invariants. We also studied the twisted Reidemeister torsion of those representations and found (non-rigorous) relations to τ 1 pξ; jq, τ 2 pξ; kq and τ 3 pξ; l, mq.
The purpose of this paper is to prove that τ 1 pξ; jq´2, τ 2 pξ; kq´2 and τ 3 pξ; l, mq´2 are indeed the twisted Reidemeister torsions.
Let B be the solid torus D 2ˆS1 and L be the knot in B traveling along the direction of S 1 twice with 2b`1 half-twists as depicted in Figure 2 . If f : B Ñ Figure 2 . Pattern knot in a solid torus S 3 is an embedding so that f pBq " N pT p2, 2a`1qq, then T p2, 2a`1q p2;2b`1q is equivalent to the knot ϕpLq Ă S 3 . If we put E :" S 3 z Int N pT p2, 2a`aq p2,2b`1q q, C :" S 3 z Int N pT p2, 2a`1qq, and Moreover the torsions above are associated with the following bases of the twisted homologies of E: Acknowledgments. Part of this work was done when the author was visiting the Max Planck Institute for Mathematics and Université Paris Diderot. The author thanks them for their hospitality.
I owe much of the calculations in this paper to Mathematica [36] .
Definition of the Reidemeister torsion
Let M be a compact manifold and π 1 pM q be its fundamental group with basepoint v. Let ρ : π 1 pM q Ñ SLp2; Cq be a representation. We will recall the definition of the Reidemeister torsion TorpM ; ρq of M associated with ρ. See [6, 33] for details.
If we letM be the universal cover of M , then π 1 pM q acts onM as the deck transformation. The adjoint action Ad ρpgq of ρpgq (g P π 1 pM q on slp2; Cq is defined by Ad ρpgq pxq :" ρpgq´1xρpgq P slp2; Cq (x P slp2; Cq). Put C i pM ; ρq :" C i pM q b Zrπ1pMqs slp2; Cq, where π 1 pM q acts on C i pM q by the covering transformation and on slp2lCq by the adjoint action. We denote by H i pM ; ρq the homology of the chain complex¨¨¨Ñ C i`1 pM ; ρq
. . , b i,mi u be a set of vectors such that tB i pb i,1 q, B i pb i,2 q, . . . , B i pb i,mi qu forms a basis of B i´1 , ‚ h i :" th i,1 , h i,2 , . . . , h i,ni u be a basis of H i , and ‚h i :" th i,1 ,h i,2 , . . . ,h i,ni u be a set of vectors such thath i,k is a lift of h i,k in Z i . Then it can be easily seen that
Denote by ru | vs the determinant of the basis change matrix from u to v for two bases u and v of a vector space. Put
Note that this does not depend on the choices of b i nor the choices of lifts of h i (see for example [34] ). Now we consider the case where M is a knot complement S 3 z Int N pKq. Let xx 1 , x 2 , . . . , x n | r 1 , r 2 , . . . , r n´1 y be a Wirtinger presentation of Π :" π 1 pM q. Since the Reidemeister torsion depends only on the simple homotopy type (see [33, p. 10, Remarque (b)], [23] ) and the Whitehead group of a knot exterior is trivial [35] , we can calculate the torsion regarding M as a CW-complex K with one 0-cell v, n 1-cells x 1 , x 2 , . . . , x n , and pn´1q 2-cells f 1 , f 2 , . . . , f n´1 . Here the 2-cell f j is attached to the bouquet v Y p Ť n i"1 x i q so that its boundary Bf j presents the word r j .
Since our CW-complex is 2-dimensional the Reidemeister torsion becomes
See Figure 3 . 1, 2 , . . . , n´1). If we put E :"ˆ0 1 0 0˙, H :"ˆ1 0 0´1˙a
nd F :"ˆ0 0 1 0˙, then tE, H, F u forms a basis of sl 2 pCq. Note that we can use any basis of sl 2 pCq to define geometric bases since the Euler characteristic of a knot complement is zero (see [33, Définition 0.5] ). We choose tṽ b E,ṽ b H,ṽ b F u as a geometric basis for
With respect to these bases the differentials B 2 and B 1 are given by the Fox free differential calculus (see [21, Chapter 11] for example).
Let G n be the free group generated by tx 1 , x 2 , . . . , x n u and Φ : G n Ñ Π the quotient map sending x i P G n to x i P Π. Let Ad ρ px i q be the 3ˆ3 matriẍ 
Here Φ is regarded as a homomorphism ZrG n s Ñ ZrΠs. The differential B 1 is given by the following 3ˆ3n matrix:
Fundamental group
Let T p2, 2a`1q p2,2b`1q be the p2, 2b`1q-cable of the torus knot of type p2, 2a`1q ( Figure 1 ). Denote by E :"
he complement of the interior of the regular neighborhood of T p2, 2a`1q p2,2b`1q , where N means the regular neighborhood in the three-sphere S 3 and Int means the interior. Then E can be decomposed into D and C, where D :" S 3 z Int N pT p2, 2a`1qq and C is the knot in a solid torus depicted in Figure 2 . Put S :" D X C " BD " BC. In other words T p2, 2a`1q p2,2b`1q is the p2, 2b`1q-cable of T p2, 2a`1q, or the satellite knot of T p2, 2a`1q with companion the torus knot of type p2, 2b`1q on S.
We calculate the fundamental group of E. For more details see [27, §1.3] . Let x and y be the generators of the fundamental group π 1 pCq of C as indicated in Figure 4 , where the basepoint is on S " BC. Then we can easily see that π 1 pCq is presented as follows:
Let p, q, and r be the generators of π 1 pDq as indicated in Figure 5 with the basepoint on S " BD as before. Then we have 
If we give left b full-twists to the solid torus, we have Figure 6 . Then the element t indicated in Figure 6 equals rppqq b . From this picture it is not hard to see q " tpt´1. Therefore we can reduce the presentation of π 1 pDq as follows: Note that the last presentation is the Wirtinger presentation of the torus link of type p2, 4q as depicted in Figure 7 . In fact, it can be easily seen that the complement of the knot in the solid torus of Figure 6 is homeomorphic to the complement of the p2, 4q torus link. 
C ãÑ E, and j D : D ãÑ E be the inclusion maps as in (3.3).
If we denote by λ C the preferred longitude of T p2, 2a`1q, then its homotopy class is given by
which is identified with r " t`ptpt´1˘´b P π 1 pDq. The homotopy class of the meridian µ C is given by x. So from (3.1), (3.2) and van Kampen's theorem we have
Note that we do not need the second relation because from the third and the fourth relations we have t "
, and so we have
(from the first relation)
"pxyq a xpxyq a pxyq´aypxyq´a´1 "1.
Therefore we have the following presentation with deficiency one.
We can also calculate the homotopy class of the longitude λ of T p2, 2a`1q
as follows (see [27] ).
in π 1 pEq. The homotopy class of the meridian of T p2, 2a`1q p2,2b`1q is p.
Representation
In this section we study representations of π 1 pEq into SLp2; Cq. For a representation ρ : π 1 pEq Ñ SLp2; Cq, we denote its restriction to π 1 pCq (π 1 pDq, respectively) by ρ C (ρ D , respectively). In the following, see [27, §1.3] again for details.
We consider the following four cases: (1) Since the longitude λ C is null-homologous, we have ρprq " ρpλ C q " I 2 , where I 2 is the two by two identity matrix. Therefore
Note that the longitude λ of T p2, 2a`1q p2,2b`1q is sent to I 2 . We denote by ρ AA ξ be the representation ρ with z " exppξ{2q.
Im ρ C is Abelian and
Im ρ D is non-Abelian. For a complex number z, if we define
"´1 (ω 2 ‰´1) and
then ρ is well defined. Since the longitude λ C is null-homologous, we have ρprq " ρpλ C q " I 2 , where I 2 is the two by two identity matrix. Therefore
The longitude λ of T p2, 2a`1q p2,2b`1q is sent to
We denote by ρ AN ξ,j be the representation ρ with z " exppξ{2q and ω 2 " exp´p 2j`1qπ ?´1
2b`1¯( j " 0, 1, . . . , b´1).
Im ρ C is non-Abelian and
Im ρ D is Abelian. If we define ρppq " ρpqq :"ˆz
ith ω
which equals ρprq. We also have
Note that if we put
We denote by ρ NA ξ,k be the representation ρ with z " exppξ{2q and ω 1 :" exp´p
4.4.
Both Im ρ C and Im ρ D are non-Abelian. If we define
Note thatθ 1 is obtained from θ 1 by replacing ω 2 with ω 3 . The images of λ C and t are given as follows:
‚θ1.
The image of the longitude λ is given bỹ´z´4
We denote by ρ NN ξ,l,m be the representation ρ with z " exppξ{2q,
2b`1´4p2a`1q¯( l " 0, 1, . . . , b´4a´3).
Reidemeister torsion -Abelian case
In this section we calculate the Reidemeister torsion of E :" S 3 z Int N pT p2, 2a`1q p2,2b`1twisted by the adjoint action of an Abelian representation ρ. We prove a more general formula of the Reidemeister torsion of an Abelian representation.
Let K be a knot in S 3 and put EpKq :" S 3 z Int N pKq. Denote by π 1 pEpKqq the fundamental group of EpKq with basepoint in BEpKq. We may assume that π 1 pEpKqq has a Wirtinger presentation xx 1 , x 2 , . . . , x n | r 1 , r 2 , . . . , r n´1 y so that if we Abelianize it then x i is sent to the generator t P Z for i " 1, 2, . . . , n (see for example [21] "˘τ 0 pξq´2.
Proof of Proposition 5.1. First note that
EpKq is simple homotopy equivalent to a cell complex with one 0-cell v (the basepoint), n 1-cells x 1 , x 2 , . . . , x n , and pn´1q 2-cells f 1 , f 2 , . . . , f n´1 . Here the 2-cell f j is attached to the bouquet v Y p Ť n i"1 x i q so that its boundary Bf j presents the word r i .
Then as described in Section 2, the differentials of the chain complex t0u Ñ
Ý Ñ C 0 pEpKq; ρq Ñ t0u is given as follows:
Here X is the following three by three matrix: 
or any j and
Note that if we let Aptq :" αˆB r j Bx i˙i "1,2,...,n j"1,2,...,n´1
be the Alexander matrix of K with α : Zrπ 1 pEpKqqs Ñ Zrt, t´1s the homomorphism induced by the Abelianization, then B 2 is given by ApXq, where we replace t in Aptq with the 3ˆ3 matrix X (and 1 with I 3 ). Note also that if we denote byÃptq the pn´1qˆpn´1q matrix obtained from Aptq by removing the first row, then detÃptq equals the (unnormalized) Alexander polynomial∆pK; tq of K. Since X is diagonal with diagonal entries z´2, 1, and z 2 , we have detÃpXq " detÃpz´2q detÃp1q detÃpz 2 q "∆pK; z´2q∆pK; 1q∆pK; z 2 q "˘∆pK; z 2 q 2 .
It can be easily seen that Ker B 1 " C 3n´2 , generated by t e 2 , e 5 , . . . , e 3n´1 , e 1´ e 4 , e 4´ e 7 , . . . , e 3n´5´ e 3n´2 , e 3´ e 6 , e 6´ e 9 , . . . , e 3n´3´ e 3n u, where e k P C 1 pEpKq; ρq is the 3nˆ1 matrix with 1 at pk, 1q-entry and 0 otherwise, and that Im B 1 " C 2 , generated by
, .
-. Since the determinant of the 3pn´1qˆ3pn´1q matrix
ApXq is not zero, the rank of ApXq is 3n´3, B 2 is injective, and so Im B 2 " C 3n´3 . Therefore we have H 2 pC; ρq " t0u, H 1 pC; ρq " C (generated by rx 1 s b¨0 1 0‚
), H 0 pC; ρq " C (generated by rṽs b¨0 1 0‚
).
Now we calculate the Reidemeister torsion of EpKq. From the calculation above if we put Note that we use rμ K b Hs as the generator of H 1 pC; ρq and rṽ b Hs as the generator of H 0 pC; ρq. Here H can be characterized as the vector that is invariant under the adjoint action of ρpµ K q.
Reidemeister torsion -Non-Abelian case
This section is devoted to the calculation of the Reidemeister torsions twisted by the adjoint actions of non-Abelian representations. To do this we will use the following formula [33 Here we put ϕ k :" i C ' i D and ψ k :" j C´jD , and δ i is the connecting homomorphism. Note that the degrees of H˚is defined as
Remark 6.1. Lines 5-7, Page 8 in [33] should be read as
See [23, Footnote, P. 367].
6.1. Reidemeister torsion of a torus. In this subsection we calculate the Reidemeister torsion of the torus S.
In our case we assume that the meridian µ C of S is sent to a diagonal matrix ζ 0 0 ζ´1˙w ith ζ 2 ‰ 1 by conjugation. Since the longitude λ C commutes with µ C , it is sent toˆη 0 0 η´1˙( η 2 may be 1).
We regard S as a cell complex with one 0-cell v (the basepoint), two 1-cells µ C and λ C , and one 2-cell f . Here f is attached to the bouquet v Y µ C Y λ C so that Bf is identified with µ C λ C pµ C q´1pλ C q´1. So the 0-dimensional chain complex C 0 pS; ρq is spanned by tṽ bE,ṽ bH,ṽbF u, whereṽ is the lift of v in the universal cover of S. Similarly, C 1 pS; ρq is spanned by
Since we calculate
the adjoint action of ρpµ C q is given by the multiplication from the left of the following three by three matrix:
Similarly, the adjoint action of ρpλ C q is given by
where I 3 is the three by three identity matrix. The differential B S 1 is given by
Therefore we have
and so H 2 pS; ρq " C (generated by rSs b¨0 1 0‚
),
H 0 pS; ρq " C (generated byṽ b¨0 1 0‚ ).
Here rSs P H 2 pS; Zq is the fundamental class. Note also that¨0 1 0‚
is invariant under the adjoint action of any element of π 1 pSq. Now we calculate the Reidemeister torsion of S. From the calculation above. If we puth
we see that b Note that we use rSs b H as the generator of H 2 pS; ρq, tμ C b H,λ C b Hu as the generator set of H 1 pS; ρq, andṽ b H as the generator of H 0 pS; ρq. Here H can be characterized as the vector that is invariant under the adjoint action of ρpµ C q (and hence that of ρpλ C q). The rest of this subsection will be devoted to the proof of Theorem 6.2. Note that this may follow from [20, Theorem 3.7] but for later use we will give a proof from scratch.
6.2.1.
Reidemeister torsion of S. From (6.3) we know that TorpS; ρq "˘1. From the calculation there the associated bases for H i pS; ρq (i " 0, 1, 2) are as follows.
Since we calculatê
the adjoint action of ρpµ C q " ρpxq is given by the multiplication from the left of the following three by three matrix:
Note that the adjoint action of rλ C s is trivial.
If we put
U :" Θ 1¨2 pω 2´ω´1 2 qz 0‚ "¨2 zpω 2`ω´1 2 q´2z´1 2pω 2`ω´1 2´z 2´z´2 q‚ , then U is invariant under X and so it is invariant under the adjoint action of any element in π 1 pSq. Therefore we have ‚ H 2 pS; ρq " C is generated by trSs b U u, ‚ H 1 pS; ρq " C 2 is generated by tμ C b U,λ C b U u, and ‚ H 0 pS; ρq " C is generated by tṽ b U }.
Reidemeister torsion of C. Since ∆pT p2, 2a`1q
p2,2b`1" pt 2a`1´t´p2a`1q qpt 1{2´t´1{2 q pt´t´1qpt p2a`1q{2´t´p2a`1q{2 q (see for example [21] ) and the eigenvalues of the image of ρpµ C q are ω˘1 2 ‰˘1, we have
from Proposition 5.1. From its proof we also have H 2 pC; ρq " t0u,
since U is invariant under the adjoint action of ρpµ C q.
Reidemeister torsion of D.
We regard D as a cell complex with one 0-cell v, two 1-cells p and t, and one 2-cell f . Note that f is attached to the bouquet v Y p Y t so that its boundary is identified with ptptp´1t´1p´1t´1. The adjoint actions of ρppq and ρptq are given by "´1. The differential B 2 is given by the following six by three matrix.
where diagpc 1 , c 2 , . . . , c n q denotes the diagonal matrix with diagonal entries c 1 , c 2 , . . . , c n . The differential B D 1 is given by the following three by six matrix.
Therefore we see that B D 1 is surjective and
as before and V :"
, we have
H 0 pD; ρq " t0u.
Note that the vector U is invariant under the adjoint actions of ρpµ C q " ρpxq and ρpλ C q " I 2 , and that V is invariant under the adjoint actions of ρpµq " ρppq and ρpλq " ρpλ C x b pq´bλ C x b p´3 b´1 q, where µ and λ are the meridian and the longitude of T p2, 2a`1q p2,2b`1q . The latter is because the adjoint action of ρpλq is given bÿ
We want to study topological interpretation of the generatorsf b U andf b V . To do that we calculate i D prSs b U q and i˚prΣs b V q, where Σ is the boundary component of D other than S and i : Σ Ñ D is the inclusion.
As described in Subsection 6.1, rSs b U generates H 2 pS; ρq. Here rSs is presented by the 2-cell whose boundary is attached to
Since this coincides with the boundary of f , we have
Next we calculate i˚prΣsbV q. As in the previous case, rΣsbV generates H 2 pΣ; ρq and rΣs is presented by the 2-cell whose boundary is attached to µλµ´1λ´1. Since λ " tptp´1 from Figure 7 , we have µλµ´1λ´1 " p¨tptp´1¨p´1¨`tptp´1˘´1 " ptptp´1t´1p´1t´1, which coincides with the boundary of f . So we also have i D prΣs b V q "f b V . Therefore we conclude that H 2 pD; ρq is generated by i D prSs b U q and i D prΣs b V q. Now we calculate the Reidemeister torsion of D. From the calculation above if we put
we see thath 
pω2`1qpz 2´ω 2q We calculate the torsion of the Mayer-Vietoris exact sequence with respect to the bases that we have calculated:
So the exact sequence becomes
We will study the homomorphisms ϕ k (k " 0, 1, 2).
We know that i C sends rSs b U P H 2 pS; ρq to i D prSs b U q P H 2 pD; ρq, that rSsbU generates H 2 pS; ρq, and that i D prSsbU q is one of the generators of H 2 pD; ρq. Therefore we conclude that ϕ 2 is injective. ‚ ϕ 0 : We can also see that i C sends the generatorṽ b U of H 0 pS; ρq to the generatorṽ b U of H 0 pC; ρq, and so ϕ 0 is an isomorphism. ‚ ϕ 1 : Since µ C " x and λ C " ypxyq 2a x´4 a´1 from § 3, we see that
On the other hand µ C " ptpt´1 and λ C " tpptpt´1q´b in π 1 pDq from § 3. Therefore we conclude that i
So ϕ 1 is presented by the matriẍ
with respect to the bases mentioned above. It is clear that ϕ 1 is injective. Therefore we have H 0 pE; ρq " t0u, H 2 pE; ρq " C, which is generated by pj
2b`1 .
So we finally have
TorpE; ρq "˘p 2b`1qpω
2´ω´2 2 q 2 from (6.5). 
The rest of this subsection will be devoted to the proof of Theorem 6.4
6.3.1. Reidemeister torsion of S. Since we calculate
the adjoint actions of ρpµ C q is given by the multiplications from the left of the following three by three matrix:
If we put
, then W is invariant under the adjoint action of any element of π 1 pSq. Therefore we have H 2 pS; ρq " C (generated by rSs b W ), 
However for later use we give a proof by direct calculation.
We regard C as a cell complex with one 0-cell v, two 1-cells x and y, and one 2-cell f , where the boundary of f is attached to the bouquet v Y x Y y along the word pxyq a xpxyq´ay´1. Since we have
the adjoint action of ρpyq is given by
The differential B 
7) 
where we put W :"¨2 z 2´z´2
0‚
as before.
Now we study topological interpretation of the generator of Ker B C 2 . Let rSs P H 2 pS; Zq be the fundamental class. We will calculate i C prSs b W q. Since rSs is presented by a 2-cell whose boundary is attached to
ith ad z pwq :" zwz´1, we have
This is because if w is the word presenting the boundary of f , then the element ad z pwq is lifted tozwz´1 in the universal cover of C. Sincew bounds a lift of f , zwz´1 coincides with z¨w, where¨means the action of π 1 pCq on the universal cover of C by the covering transformation.
Therefore we have H 2 pC; ρq " C, (generated by i C prSs b W ),
H 0 pC; ρq " t0u.
From the calculation above if we put
we see that b Since ρptq "´ρppq´8 a`2b´4 , the adjoint action of ρptq is given by T :" P´8 a`2b´4 . The differential B 2 is given by
"ˆI 3`T P´P´1T P T P´P´1T´1P´1T P T P P`P T P´T´1P´1T P T P´T´1P´1T´1P´1T P T P"ˆp
H 0 pD; ρq " C (generated byṽ b W ).
As in the previous case we have i D prSs b W q "f b W and so H 2 pD; ρq is generated by i D prSs b W q. 
‚´1
"˘pz 8a´2b`3`z´8a`2b´3 q 2 . 
6.3.4.
. So the exact sequence becomes
We know that i C sends rSs b W to i C prSs b W q. Moreover from the calculation above, we see that i D sends rSs b W to i D prSs b W q. Therefore ϕ 2 is injective. ‚ ϕ 0 : We can also see that ϕ 0 is the identity.
where D2 pω 2 1´1 q 2 and D3 pω 2 1´1 q 2 are the second ant the third columns of B C 2 , respectively (see (6.7) and (6.8)). Note that this is consistent with (6.6).
Since µ C " ptpt´1 and λ C " tpptpt´1q´b in π 1 pDq as before, with respect to the bases mentioned above. It is clear that ϕ 1 is injective.
Therefore we have H 0 pE; ρq " t0u, H 2 pE; ρq " C, which is generated by pj D˝iD qprSs b W q, and H 1 pE; ρq " C, which is generated by j D ppq b W . From Remark 6.6, H 2 pE; ρq is also generated by pj D˝iD qprΣs b W q Now the bases for H are given as follows:
Then the torsion of the Mayer-Vietoris sequence equals The rest of this subsection will be devoted to the proof of Theorem 6.8 6.4.1. Reidemeister torsion of S. As before, we regard S as a cell complex with one 0-cell v (the basepoint), two 1-cells µ C and λ C , and one 2-cell f . From §4.4, we have ρpµ C q " ρpxq " θ´1 3ˆω Since these are obtained from those in Subsection 4.3 by replacing z 2 with ω 3 and taking conjugation by θ 3 , the Reidemeister torsion is TorpS; ρq "˘1.
We give generators of the twisted homologies. From the calculation in Subsection 6.3, we see that ‚ H 2 pS; ρq " C is generated by rSs bW , ‚ H 1 pS; ρq " C 2 is generated by tμ C bW ,λ C bW u, and ‚ H 0 pS; ρq " C is generated byṽ bW . Note thatŨ (Θ 1 , respectively) is obtained from U (Θ 1 , respectively) by replacing ω 2 with ω 3 .
So we can choose generators as follows without changing the Reidemeister torsion: ‚ H 2 pS; ρq " C is generated by rSs bŨ , ‚ H 1 pS; ρq " C 2 is generated by tμ C bŨ ,λ C bŨ u, and ‚ H 0 pS; ρq " C is generated byṽ bŨ .
6.4.2.
Reidemeister torsion of C. The matrices ρpxq and ρpyq are given from those in Subsection 4.3 by replacing z 2 with ω 3 and taking conjugation by θ 3 . Since the Reidemeister torsion of C in Subsection 6.3 does not involve z, the Reidemeister torsion in this case is the same and we have TorpC; ρq "˘2 a`1 2pω 1´ω´1 1 q 2 .
Generators of the twisted homologies are given as follows: ‚ H 2 pC; ρq " C is generated by i C prSs bŨ q, and ‚ H 1 pC; ρq " C is generated byx bŨ .
We will study the homomorphisms ϕ k (k " 1, 2). ‚ ϕ 2 : As in the calculation in Subsection 6.2, i D sends rSs bŨ q to i D prSs b U q. Moreover as in the calculation in Subsection 6.3, i C sends rSs bŨ to i C prSs bŨ q. Therefore ϕ 2 is injective. ‚ ϕ 1 : By calculation similar to that in Subsection 6.3, we see that i
C sends µ C bŨ tox bŨ P H 1 pC; ρq andλ C bŨ to´2p2a`1qx bŨ P H 1 pC; ρq.
By calculation similar to that in Subsection 6.2, we see that i D sends µ C bŨ to´2t bŨ P H 1 pD; ρq, andλ C bŨ to p2b`1qt bŨ P H 1 pD; ρq.
So ϕ 1 is presented by the matriẍ 1´2p2a`1q 0 0 2 2b`1‚ with respect to the bases mentioned above. It is clear that ϕ 1 is injective.
Therefore we have H 0 pE; ρq " t0u, H 2 pE; ρq " C 2 , which is generated by tpj Di D prSs bŨ q, pj D˝iD qprΣs bṼ qu, and H 1 pE; ρq " C 2 , which is generated by tj D pp b V q, γu, where we choose γ so that δ 1 pγq "ṽ bŨ . Now the bases for H are given as follows:
Then the torsion of the Mayer-Vietoris sequence equals
TorpH˚q "˘" Bpb
